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SUB-ADDITIVE ERGODIC THEOREMS FOR COUNTABLE
AMENABLE GROUPS
ANTHONY H. DOOLEY, VALENTYN YA. GOLODETS AND GUOHUA ZHANG
Abstract. In this paper we generalize Kingman’s sub-additive ergodic theo-
rem to a large class of infinite countable discrete amenable group actions.
1. Introduction
The study of ergodic theorems was started in 1931 by von Neumann and Birkhoff,
growing from problems in statistical mechanics. Ergodic theory soon earned its
own place as an important part of functional analysis and probability, and grew
into the study of measure-preserving transformations of a measure space. In 1968
an important new impetus to this area was received from Kingman’s proof of the
sub-additive ergodic theorem. This theorem opened up an impressive array of
new applications [12, 13, 14]. Krengel ([15]) showed that Kingman’s theorem can
be used to derive the multiplicative ergodic theorem of Oseledec [24], which is
of considerable current interest in the study of differentiable dynamical systems.
Today, there are many elegant proofs of the theorem [5, 11, 13, 20, 27, 28]. Among
these, perhaps the shortest proof is that of Steele [28]: this relies neither on a
maximal inequality nor on a combinatorial Riesz lemma. A lovely exposition of the
whole theory is given in Krengel’s book [15].
A statement of Kingman’s sub-additive ergodic theorem is as follows:
Theorem 1.1. Let ϑ be a measure preserving transformation over the Lebesgue
space (Y,D, ν) and {fn : n ∈ N} ⊆ L1(Y,D, ν) satisfy fn+m(y) ≤ fn(y) + fm(ϑny)
for ν-a.e. y ∈ Y and all n,m ∈ N. Then
lim
n→∞
1
n
fn(y) = f(y) ≥ −∞
for ν-a.e. y ∈ Y , where f is an invariant measurable function over (Y,D, ν).
If all the fn are constant functions, equal to an (say), the theorem reduces to
a well-known basic fact in analysis: if the sequence {an : n ∈ N} ⊆ R satisfies
an+m ≤ an + am for all n,m ∈ N, then
lim
n→∞
an
n
= inf
n∈N
an
n
≥ −∞.
It is an easy extension of Kingman’s theorem that if infn
∫
fndν
n
> −∞ , then
the convergence also holds in L1.
In this paper, we shall discuss extensions of Kingman’s theorem to the class of
countable discrete amenable groups.
The class of amenable groups includes all finite groups, solvable groups and
compact groups, and actions of these groups on a Lebesgue space are a natural
extension of the Z-actions considered in Kingman’s theorem: the foundations of
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the theory of amenable group actions were laid by Ornstein and Weiss in their
pioneering paper [23].
Lindenstrauss [17] established the pointwise ergodic theorem for general locally
compact amenable group actions along Følner sequences (with some natural condi-
tions), which generalizes the Birkhoff theorem from Z-actions to general amenable
group actions, see also Benji Weiss’ lovely survey article [33]. For other related
work, see [1, 2, 3, 7, 8, 10, 21, 22, 26, 29, 30].
In contrast to the amenable group Z, a general infinite countable discrete amenable
group may have a complicated combinatorial structure, and our challenge is to con-
sider the limiting behaviour of the Kingman type in this context.
In general, we define a subset D = {dF : F ∈ FG} of functions in L1(Y,D, ν),
indexed by the family FG of all non-empty finite subsets of G, to be G-invariant
and sub-additive if dEg(y) = dE(gy) and dE∪F (y) ≤ dE(y)+dF (y) for ν-a.e. y ∈ Y ,
any g ∈ G and all disjoint E,F ∈ FG. Then a natural generalization of Kingman’s
theorem is to ask whether, for an invariant sub-additive family, the limit
(1.1) lim
n→∞
1
|Fn|
dFn(y),
exists for a Følner sequence {Fn : n ∈ N} of G, either pointwise almost everywhere,
or, if lim inf
n→∞
1
|Fn|
∫
dFn(y)dν(y) > −∞, in L
1.
This theorem reduces to Kingman’s theorem for the Følner sequence Fn =
{0, 1, · · · , n − 1}, although it is not a priori clear whether it holds for arbitrary
good Følner sequences even in the integers. Our overall aim, for amenable groups,
is to find conditions on the Følner sequence, and the group, under which this the-
orem holds.
The first step, motivated by [6] (in particular [6, Proposition 9.1 and Proposition
10.4] and their proof), is to replace the limit by the limit superior. Under some
natural assumptions, we can prove versions of the Kingman theorem: precisely, if
the family is either G-bi-invariant or strongly sub-additive, we show the existence of
the lim sup. Moreover, if the group has the property of self-similarity (see Section
5), then Kingman’s theorem can be generalized completely to an action over a
Lebesgue space. We shall see in the last section of the paper that this class of infinite
countable discrete amenable groups includes many interesting groups. Observe
that the assumption of self-similarity depends only on the algebraic structure of
the group, whereas the conditions of bi-invariance and strong sub-additivity are
properties of the particular family of functions chosen. As shown by [6, 19], strong
sub-additivity plays an important role in the study of actions of an amenable group
on Lebesgue space. In particular in his treatment of measure-theoretic entropy
theory for the actions of an amenable group on a Lebesgue space, Moulin Ollagnier
used the property of strong sub-additivity rather heavily (cf [19, Chapter 4]).
After we had submitted this paper in August, 2011 our attention was drawn to
recent work of [25] by Pogorzelski, where a Banach space valued pointwise con-
vergence for additive processes ([25, Theorem 7.11]) is proved, together with an
abstract mean ergodic theorem for set functions, based on a Følner vanishing in-
variant boundary term b.
In contrast to our assumption of subadditivity of d, the assumption of [25] is
that the family of functions which he denotes by F , are b-almost additive in the
sense that |F (Q) − Σmk=1F (Qk)| ≤ Σ
m
k=1b(Qk) for a disjoint union Q = ∩
m
j=1Qj.
(We here cite the special case where the Banach space is R). The boundary term
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satisfies
b(Uj)
|Uj |
→ 0 as j → ∞ for any Følner sequence {Uj}, is invariant under G,
and compatible with unions and intersections. In a certain sense, F becomes linear
at infinity.
A mean ergodic theorem [25, Theorem 5.7] is proved under compactness criteria
for orbits induced by the actions on the Banach space. Pogorzelski’s conditions of
additivity and b-almost additivity imply certain conditions on the group G and on
the invariant family F .
Our paper is organized as follows. Sections 2 and 3 contain some preliminary
remarks on infinite countable discrete amenable groups and pointwise ergodic the-
orems for their actions on a Lebesgue space. Motivated by the results of [6], in
Section 4 we analyze the limit superior behavior of an invariant sub-additive family
of integrable functions on an infinite countable discrete amenable group action, un-
der some natural assumptions. In Section 5, we present our main results for some
special infinite countable discrete amenable groups. Finally in Section 6 we give
some direct applications of the results obtained in previous sections.
We believe that the theorems we establish will lead to further developments along
the lines of Oseledec’ theorem and other applications.
2. Preliminaries
Throughout, we assume that G is a countably infinite discrete amenable group.
We begin by recalling some basic properties of G. These and many further details
can be found in [23].
Denote by FG the set of all non-empty finite subsets of G. G is called amenable,
if for each K ∈ FG and any δ > 0 there exists F ∈ FG such that
|F∆KF | < δ|F |,
where | • | is counting measure on the set •, KF = {kf : k ∈ K, f ∈ F} and
F∆KF = (F \KF )∪(KF \F ). Let K ∈ FG and δ > 0. Set K−1 = {k−1 : k ∈ K}.
A ∈ FG is called (K, δ)-invariant, if
|K−1A ∩K−1(G \A)| < δ|A|.
A sequence {Fn : n ∈ N} in FG is called a Følner sequence, if for any K ∈ FG and
for any δ > 0, Fn is (K, δ)-invariant whenever n ∈ N is sufficiently large, i.e.
(2.1) lim
n→∞
|gFn∆Fn|
|Fn|
= 0
for each g ∈ G. It is not hard to deduce the usual asymptotic invariance property:
G is amenable if and only if G has a Følner sequence {Fn : n ∈ N}.
For example, for G = Z, a Følner sequence is defined by Fn = {0, 1, · · · , n− 1},
or, indeed, {an, an + 1, · · · , an + n− 1} for any sequence {an : n ∈ N} ⊆ Z.
Ameasurable dynamical G-system (MDS) (Y,D, ν, G) is a Lebesgue space (Y,D, ν)
and a group G of invertible measure preserving transformations of (Y,D, ν) with
eG acting as the identity transformation, where eG is the unit of the group G.
From now on (Y,D, ν, G) will denote an MDS.
Let I be the sub-σ-algebra {D ∈ D : ν(gD∆D) = 0 for each g ∈ G}, and for
each f ∈ L1(Y,D, ν) denote by E(f |I) the conditional expectation of f over I with
respect to ν. If in addition, the MDS (Y,D, ν, G) is ergodic, (i.e. ν(D) is equal to
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either zero or one for all D ∈ I), then
E(f |I)(y) =
∫
Y
f(y′)dν(y′)
for ν-a.e. y ∈ Y . The measurable function E(f |I) is G-invariant and E(f |I) ∈
Lp(Y,D, ν) if f ∈ Lp(Y,D, ν) for each 1 ≤ p ≤ ∞.
A sequence {En : n ∈ N} ⊆ FG is said to be tempered if there exists M > 0 such
that |
n⋃
k=1
E−1k En+1| ≤ M |En+1| for each n ∈ N. It is easy to show (see [17]) that
every Følner sequence of the group G contains a tempered sub-sequence.
A related property which we will need in Lemma 3.5 is the Tempelman condition:
a sequence {En : n ∈ N} ⊆ FG is said to satisfy the Tempelman condition if there
existsM > 0 such that |
n⋃
k=1
E−1k En| ≤M |En| for each n ∈ N. It is easy to see that
every sequence satisfying the Tempelman condition is a tempered sequence, but the
converse is not true: indeed the lamplighter group (see [17]) is a countable discrete
amenable group where no Følner sequence contains a sub-sequence satisfying the
Tempelman condition.
Lindenstrauss ([17, Theorem 1.2] and [16, 33]) showed how to use tempered
sequences to generalize the Birkhoff pointwise convergence theorem to an amenable
group action as follows:
Theorem 2.1. Let f ∈ Lp(Y,D, ν) and {Fn : n ∈ N} be a tempered Følner sequence
of G, where 1 ≤ p <∞. Then
lim
n→∞
1
|Fn|
∑
g∈Fn
f(gy) = E(f |I)(y)
for ν-a.e. y ∈ Y and in the sense of Lp.
Remark 2.2. Lindenstrauss actually states the conclusion for pointwise conver-
gence in the case of p = 1. As remarked in [16], mean convergence easily follows by
methods familiar from Z-actions.
Moreover, as shown in [4], a restriction (such as temperance) on the Følner
sequence is essential even in the special case G = Z.
Note further that [33, Theorem 2.1] discusses mean convergence in the case of
p = 2, and shows that this holds for any Følner sequence.
A function f ∈ L1(Y,D, ν) is non-negative if f(y) ≥ 0 for ν-a.e. y ∈ Y ; and
G-invariant if f(gy) = f(y) for ν-a.e. y ∈ Y and all g ∈ G.
Let D = {dF : F ∈ FG} be a family of functions in L1(Y,D, ν). We make some
natural assumptions on the family D which will enable us to state analogues of
Theorem 1.1.
We say that D is:
(1) non-negative if: each element from D is non-negative;
(2) G-invariant if: dFg(y) = dF (gy) for ν-a.e. y ∈ Y and all F ∈ FG, g ∈ G;
(3) G-bi-invariant if: it is G-invariant, and in addition dgF (y) = dFg(y) for
ν-a.e. y ∈ Y and all F ∈ FG, g ∈ G;
(4) monotone if: dE(y) ≤ dF (y) for ν-a.e. y ∈ Y and all ∅ 6= E ⊆ F ∈ FG;
(5) sub-additive (sup-additive, respectively) if: dE∪F (y) ≤ dE(y) + dF (y) for
ν-a.e. y ∈ Y and all disjoint E,F ∈ FG (−D is sub-additive, respectively);
sub-additive ergodic theorems for countable discrete amenable groups 5
(6) strongly sub-additive (strongly sup-additive, respectively) if dE∩F (y)+dE∪F (y)
≤ dE(y)+dF (y) for ν-a.e. y ∈ Y and all E,F ∈ FG, here by convention we
set d∅(y) = 0 for each y ∈ Y (−D is strongly sub-additive, respectively).
For example, for each f ∈ L1(Y,D, ν), it is easy to check that
Df
.
= {dfF (y)
.
=
∑
g∈F
f(gy) : F ∈ FG}
is a strongly sub-additive G-invariant family in L1(Y,D, ν).
Of course, if G is abelian, then every G-invariant family is G-bi-invariant; this
is also clearly true if for every F ∈ FG, the function dF depends only on the
cardinality of F.
In fact, let D = {dF : F ∈ FG} ⊆ L
1(Y,D, ν) be a strongly sub-additive family.
If D is G-invariant (respectively G-bi-invariant) then the family {dF (y)−|F |2 : F ∈
FG} ⊆ L1(Y,D, ν) is also G-invariant (respectively G-bi-invariant).
Let D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) be a sub-additive G-invariant family. We
are interested in the convergence of
(2.2) lim
n→∞
1
|Fn|
dFn(y),
where {Fn : n ∈ N} is a Følner sequence of G.
These are the basic ingredients of our version of Kingman’s sub-additive ergodic
theorem for infinite countable discrete amenable group actions.
3. Preparations
In this section, we consider the asymptotic limiting behaviour of (2.2) in the
simplest case, when all functions fn are constant functions. We also present a
version of the maximal inequality which will be used in later sections following the
ideas of [15].
In contrast to a Z-action, for a general infinite countable discrete amenable group
action it is not clear whether the limit (2.2) exists, even if all the functions in D
are constant functions. Thus, we will add some natural conditions.
Let ∅ 6= T ⊆ G. We say that T tiles G if there exists ∅ 6= GT ⊆ G such that
{Tc : c ∈ GT } forms a partition of G, that is, Tc1∩Tc2 = ∅ if c1 and c2 are different
elements from GT and
⋃
c∈GT
Tc = G.
Denote by TG the set of all non-empty finite subsets of G which tile G. Observe
that TG 6= ∅, as TG ⊇ {{g} : g ∈ G}.
Let (Y,D, ν, G) be an MDS. We say that G acts freely on (Y,D, ν) if {y ∈ Y :
gy = y} has zero ν-measure for any g ∈ G \ {eG}.
Tiling sets play a key role in establishing a version of Rokhlin’s Lemma for infinite
countable discrete amenable group actions (see [33, Theorem 3.3 and Proposition
3.6]). In particular, we have:
Proposition 3.1. Let T ∈ FG. Then T ∈ TG if and only if, for every MDS
(Y,D, ν, G), where G acts freely on (Y,D, ν), for each ǫ > 0 there exists B ∈ D
such that the family {tB : t ∈ T } is disjoint and ν(
⋃
t∈T
tB) ≥ 1− ǫ.
The class of countable amenable groups admitting a tiling Følner sequence (i.e.
a Følner sequence consisting of tiling subsets of the group) is large, and includes
all countable amenable linear groups and all countable residually finite amenable
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groups [32]. Recall that a linear group is an abstract group which is isomorphic to a
matrix group over a field K (i.e. a group consisting of invertible matrices over some
field K); a group is residually finite if the intersection of all its normal subgroups of
finite index is trivial. Note that any finitely generated nilpotent group is residually
finite. The question of whether every countable discrete amenable group admits a
tiling Følner sequence remains open [23].
The following results are [6, Proposition 2.5 and Proposition 2.3]. See also [18,
Theorem 6.1], [33, Theorem 5.9] and [19, 31].
Proposition 3.2. Let f : FG → R be a function. Assume that f(Eg) = f(E) and
f(E ∪ F ) ≤ f(E) + f(F ) whenever g ∈ G and E,F ∈ FG satisfy E ∩ F = ∅. Then
for any tiling Følner sequence {Fn : n ∈ N} of G, the sequence {
f(Fn)
|Fn|
: n ∈ N}
converges and the value of the limit is independent of the selection of the tiling
Følner sequence {Fn : n ∈ N}, in fact:
lim
n→∞
f(Fn)
|Fn|
= inf
F∈TG
f(F )
|F |
(and so = inf
n∈N
f(Fn)
|Fn|
).
Proposition 3.3. Let f : FG → R be a function. Assume that f(Eg) = f(E) and
f(E ∩ F ) + f(E ∪ F ) ≤ f(E) + f(F ) whenever g ∈ G and E,F ∈ FG (here, we
set f(∅) = 0 by convention). Then for any Følner sequence {Fn : n ∈ N} of G, the
sequence { f(Fn)|Fn| : n ∈ N} converges and the value of the limit is independent of the
selection of the Følner sequence {Fn : n ∈ N}, in fact:
lim
n→∞
f(Fn)
|Fn|
= inf
F∈FG
f(F )
|F |
(and so = inf
n∈N
f(Fn)
|Fn|
).
The difference between Proposition 3.2 and Proposition 3.3 was shown in [6,
Example 2.7] in the special case of G = Z.
Let D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) be a sub-additive G-invariant family. By
Proposition 3.2 the limit
(3.1) lim
n→∞
1
|Fn|
∫
Y
dFn(y)dν(y)
exists for (and independent of) any tiling Følner sequence {Fn : n ∈ N} of G, and
is equal to
inf
n∈N
1
|Fn|
∫
Y
dFn(y)dν(y) = inf
T∈TG
1
|T |
∫
Y
dT (y)dν(y) <∞.
Now if D is a strongly sub-additive G-invariant family, alternatively using Propo-
sition 3.3 the limit (3.1) exists for (and independent of) any Følner sequence
{Fn : n ∈ N} of G, and is equal to
inf
n∈N
1
|Fn|
∫
Y
dFn(y)dν(y) = inf
F∈FG
1
|F |
∫
Y
dF (y)dν(y) <∞.
Dually, if D is a sup-additive or strongly sup-additive G-invariant family, we can
talk about the limit similarly. We will denote by ν(D) these limits in the sequel.
Remark that they need not to be a finite constant.
Recall that the sub-σ-algebra I is introduced in previous section as {D ∈ D :
ν(gD∆D) = 0 for each g ∈ G}. Let ν =
∫
Y
νydν(y) be the disintegration of ν over
I. Then (Y,D, νy , G) will be an ergodic MDS for ν-a.e. y ∈ Y . The disintegration
is the ergodic decomposition of ν (cf [9, Theorem 3.22]), which can be characterized
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as follows: for each f ∈ L1(Y,D, ν), f ∈ L1(Y,D, νy) for ν-a.e. y ∈ Y and the
function y 7→
∫
Y
fdνy is in L
1(Y, I, ν). In fact,
∫
Y
fdνy = E(f |I)(y) for ν-a.e.
y ∈ Y and hence
∫
Y
(
∫
Y
fdνy)dν(y) =
∫
Y
fdν.
Thus, we have:
Proposition 3.4. Let D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) be a sub-additive (or
strongly sub-additive, sup-additive, strongly sup-additive, and so on) G-invariant
family. Assume that ν =
∫
Y
νydν(y) is the ergodic decomposition of ν. Then
(3.2) ν(D) =
∫
Y
νy(D)dν(y).
Proof. Dually, we only consider the case of D being sup-additive and {Fn : n ∈ N}
a tiling Følner sequence of G. And so ν(D) > −∞. Observe that
∫
Y
dFdν =∫
Y
(
∫
Y
dFdνy)dν(y) for each F ∈ FG, then: on one hand,
ν(D) = sup
T∈TG
1
|T |
∫
Y
dTdν ≤
∫
Y
( sup
T∈TG
1
|T |
∫
Y
dTdνy)dν(y) =
∫
Y
νy(D)dν(y);
on the other hand, for
d′Fn(y) = dFn(y)−
∑
g∈Fn
d{eG}(gy) ≥ 0,
using Fatou’s Lemma one has∫
Y
νy(D)dν(y) −
∫
Y
(
∫
Y
d{eG}dνy)dν(y)
=
∫
Y
(lim inf
n→∞
1
|Fn|
∫
Y
d′Fndνy)dν(y)
≤ lim inf
n→∞
1
|Fn|
∫
Y
(
∫
Y
d′Fndνy)dν(y) = ν(D)−
∫
Y
d{eG}dν,
equivalently,
∫
Y
νy(D)dν(y) ≤ ν(D). Summing up, we obtain (3.2). 
In the remainder of the section, we present a version of the maximal inequality
following the ideas of [15], which will be used in later sections.
The following result is a version of [15, Chapter 6, Theorem 4.2]: in fact, Krengel
states a version compatible with (3.5), while we need an equivalent version in the
style of equation (3.4). We present a proof of it here for completeness: the ideas
are taken from [15].
Lemma 3.5. Let G be a countable discrete amenable group. Assume that D =
{dF : F ∈ FG} ⊆ L1(Y,D, ν) is a non-negative sup-additive G-invariant family
and {Fn : n ∈ N} is a Følner sequence G satisfying the Tempelman condition with
constant M > 0. Then
ν(Yα,N ) ≤
M
α
· inf
n∈N
1
|Fn ∩
N⋂
i=1
⋂
g∈Fi
g−1Fn|
∫
Y
dFn(y)dν(y)(3.3)
≤
M
α
· lim inf
n→∞
1
|Fn|
∫
Y
dFn(y)dν(y)(3.4)
≤
M
α
· sup
F∈FG
1
|F |
∫
Y
dF (y)dν(y)(3.5)
8 A. H. Dooley, V. Ya. Golodets and G. H. Zhang
for each α > 0 and any N ∈ N, where
Yα,N = {y ∈ Y : max
k=1,··· ,N
dFk(y)
|Fk|
> α}.
Proof. In fact, the proof will be complete once we prove (3.3).
We may set d∅(y) = 0 for each y ∈ Y without any loss of generality.
Let y ∈ Y and n ∈ N such that F ∗n
.
= Fn ∩
N⋂
i=1
⋂
g∈Fi
g−1Fn 6= ∅. As {Fm : m ∈ N}
is a Følner sequence of G, F ∗m 6= ∅ once m ∈ N is large enough. Set
C1 = {g ∈ F
∗
n :
dF1(gy)
|F1|
> α},
and for j = 2, · · · , N , set
Cj = {g ∈ F
∗
n :
dFj (gy)
|Fj |
> α} \
j−1⋃
i=1
Ci.
Now let C′N ⊆ CN be a maximal disjoint family in {FNc : c ∈ CN}. In particular,
CN ⊆ F
−1
N FNC
′
N .
Once the C′N ⊆ CN , · · · , C
′
i ⊆ Ci have been constructed for some i > 1, then let
C′i−1 ⊆ Ci−1 be a maximal disjoint family in {Fi−1c : c ∈ Ci−1} which is also
disjoint from the elements in {Fjcj : cj ∈ C′j , j = i, · · · , N}. In particular,
Ci−1 ⊆ F
−1
i−1(
N⋃
j=i−1
FjC
′
j).
From the construction we have
{g ∈ F ∗n : gy ∈ Yα,N} =
N⋃
i=1
Ci ⊆
N⋃
i=1
i⋃
j=1
F−1j FiC
′
i.
Moreover, as the sequence {Fn : n ∈ N} satisfies the Tempelman condition, one has
(3.6) |{g ∈ F ∗n : gy ∈ Yα,N}| ≤
N∑
i=1
|
i⋃
j=1
F−1j Fi| · |C
′
i| ≤M
N∑
i=1
|Fi| · |C
′
i|.
As D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) is a non-negative sup-additive (and so
monotone) G-invariant family, by the construction of Ci, C
′
i, i = 1, · · · , N , one has
dFn(y) ≥ d N⋃
i=1
FiC
′
i
(y) ≥
N∑
i=1
∑
gi∈C′i
dFigi(y)
> α
N∑
i=1
|Fi| · |C
′
i|
≥
α
M
|{g ∈ F ∗n : gy ∈ Yα,N}| (using (3.6))(3.7)
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for ν-a.e. y ∈ Y . Thus applying Fubini’s Theorem we obtain
1
|F ∗n |
∫
Y
dFn(y)dν(y) ≥
1
|F ∗n |
·
α
M
∫
Y
|{g ∈ F ∗n : gy ∈ Yα,N}|dν(y) (using (3.7))
=
1
|F ∗n |
·
α
M
∑
g∈F∗n
∫
Y
1Yα,N (gy)dν(y) =
α
M
· ν(Yα,N ),
which implies (3.3). This finishes our proof. 
Remark 3.6. On the basis of [17, Theorem 3.2] or [33, Section 7], we conjecture
that it is possible to strengthen Lemma 3.5 by replacing the assumption that the
Følner sequence satisfies the Tempelman condition by the assumption that it is a
tempered Følner sequence. We have not so far been able to prove this, however.
As a direct corollary of (3.4) and (3.5), we have:
Corollary 3.7. Assume that D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) is a non-negative
sup-additive G-invariant family and {Fn : n ∈ N} is a Følner sequence of G satis-
fying Tempelman condition with constant M > 0. If either each Fn, n ∈ N tiles G,
or the family D is strongly sup-additive, then, for any α > 0,
ν({y ∈ Y : sup
k∈N
dFk(y)
|Fk|
> α}) ≤
M
α
ν(D).
4. The superior limit behavior of the family
Motivated by [6, Proposition 9.1 and Proposition 10.4] and their proofs, we aim
to study the behaviour of the lim sup in (2.2). Our main results are Theorem 4.1 and
Theorem 4.2. The conclusion of Theorem 4.1 requires bi-invariance of the family
D, and the conclusion of Theorem 4.2 requires that it is strongly sub-additive.
In general it is not easy to understand the limit behavior of a family of inte-
grable functions. As shown by [6, Chapter 9 and Chapter 10], both bi-invariance
and strong sub-additivity provide cases where we can study assumption (♠) of [6,
Theorem 7.1], which reflects a kind of limiting behaviour. Property (♠) appears
naturally when one considers actions of the integers on a Lebesgue space, and strong
sub-additivity has proven its importance in the study of measure-theoretic entropy
theory for the actions of an amenable groups on a Lebesgue spaces (cf [6, 19]).
The main results of this section are as follows.
Theorem 4.1. Let D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) be a sub-additive G-bi-
invariant family and {Fn : n ∈ N} a tempered tiling Følner sequence of G. Then
(4.1) lim sup
n→∞
1
|Fn|
dFn(y) = inf
T∈TG
1
|T |
E(dT |I)(y)
for ν-a.e. y ∈ Y , which is an invariant measurable function over (Y,D, ν), and
(4.2)
∫
Y
inf
T∈TG
1
|T |
E(dT |I)(y)dν(y) = ν(D).
Theorem 4.2. Let D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) be a strongly sub-additive
G-invariant family and {Fn : n ∈ N} a tempered Følner sequence of G. Then
(4.3) lim sup
n→∞
1
|Fn|
dFn(y) = inf
F∈FG
1
|F |
E(dF |I)(y)
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for ν-a.e. y ∈ Y , which is an invariant measurable function over (Y,D, ν), and
(4.4)
∫
Y
inf
F∈FG
1
|F |
E(dF |I)(y)dν(y) = ν(D).
Before proceeding, we need the following easy observation.
Lemma 4.3. Let {Fn : n ∈ N} be a tempered Følner sequence of G. Assume that
∅ 6= En ⊆ Fn for each n ∈ N satisfying lim
n→∞
|En|
|Fn|
= 1. Then {En : n ∈ N} is also a
tempered Følner sequence of G.
Proof. Combined with the assumptions, the conclusion follows from the facts that
En∆gEn ⊆ Fn∆gFn ∪ {g, eG}(Fn \ En)
and
n⋃
i=1
E−1i En+1 ⊆
n⋃
i=1
F−1i Fn+1
for each n ∈ N and g ∈ G, which are easy to check. 
The following result from [6, Lemma 10.5] is used in the proof of Theorem 4.1.
Observe that whilst the whole discussion of [6, Chapter 10] is in the setting where
{Fn : n ∈ N} is an increasing tiling Følner sequence of G, the proof of [6, Lemma
10.5] uses only the fact that {Fn : n ∈ N} is a Følner sequence of G. The lemma
is stated under the hypothesis that G is abelian, but this property is used only in
the formula dFg(y) = dgF (y) = dF (gy) to prove inequality (10.5) of [6]. Thus the
result holds for an arbitrary countable discrete amenable group, provided that we
assume G-bi-invariance of the family D = {dF : F ∈ FG} ⊆ L1(Y,D, ν).
We state this result as:
Lemma 4.4. Let D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) be a sub-additive G-invariant
family, {Fn : n ∈ N} a Følner sequence of G and T ∈ TG, ǫ > 0. Assume the family
−D is non-negative and G-bi-invariant. Then, whenever n ∈ N is large enough,
there exists Hn ⊆ Fn such that |Fn \Hn| < 2ǫ|Fn| and, for ν-a.e. y ∈ Y ,
dFn(y) ≤
1
|T |
∑
g∈Hn
dT (gy).
Now we can prove Theorem 4.1.
Proof of Theorem 4.1. As D is a sub-additive G-invariant family, the function
∑
g∈Fn
d{eG}(gy)− dFn(y)
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is non-negative for each n ∈ N, and observe that the sequence {Fn : n ∈ N} is a
tempered tiling Følner sequence of G, by Fatou’s Lemma, one has∫
Y
d{eG}(y)dν(y)− ν(D) = lim inf
n→∞
∫
Y
1
|Fn|
[
∑
g∈Fn
d{eG}(gy)− dFn(y)]dν(y)
≥
∫
Y
lim inf
n→∞
1
|Fn|
[
∑
g∈Fn
d{eG}(gy)− dFn(y)]dν(y)
=
∫
Y
[E(d{eG}|I)(y) − lim sup
n→∞
1
|Fn|
dFn(y)]dν(y) (using Theorem 2.1)
=
∫
Y
d{eG}(y)dν(y)−
∫
Y
lim sup
n→∞
1
|Fn|
dFn(y)dν(y),
which implies
(4.5)
∫
Y
lim sup
n→∞
1
|Fn|
dFn(y)dν(y) ≥ ν(D).
By assumption, the family −D is non-negative. Now applying Lemma 4.4 to D
we obtain that, once T ∈ TG (fixed) and ǫ > 0, if n ∈ N is large enough then there
exists Tn ⊆ Fn such that |Fn \ Tn| ≤ 2ǫ|Fn| and, for ν-a.e. y ∈ Y ,
(4.6) dFn(y) ≤
1
|T |
∑
g∈Tn
dT (gy).
In fact, from this, without loss of generality, we may assume that ∅ 6= Tn ⊆ Fn
satisfies that lim
n→∞
|Tn|
|Fn|
= 1 and (4.6) holds for ν-a.e. y ∈ Y . Now applying Lemma
4.3 one sees that {Tn : n ∈ N} is a tempered Følner sequence of G, and so
lim sup
n→∞
1
|Fn|
dFn(y) ≤
1
|T |
E(dT |I)(y) (using Theorem 2.1)
for ν-a.e. y ∈ Y . Thus,
(4.7) lim sup
n→∞
1
|Fn|
dFn(y) ≤ inf
T∈TG
1
|T |
E(dT |I)(y)
for ν-a.e. y ∈ Y . We should observe first (using Proposition 3.2) that:
(4.8)
∫
Y
inf
T∈TG
1
|T |
E(dT |I)(y)dν(y) ≤ inf
T∈TG
∫
Y
1
|T |
E(dT |I)(y)dν(y) = ν(D).
Combined with (4.5) and (4.7), we obtain a stronger version of (4.2):∫
Y
lim sup
n→∞
1
|Fn|
dFn(y)dν(y) =
∫
Y
inf
T∈TG
1
|T |
E(dT |I)(y)dν(y) = ν(D).
Clearly, the function inf
T∈TG
1
|T |E(dT |I)(y) is measurable andG-invariant on (Y,D, ν).
It remains to prove (4.1). Applying the ergodic decomposition, we may assume
without loss of generality that the MDS (Y,D, ν, G) is ergodic. From the discussion
above, one deduces that
lim sup
n→∞
1
|Fn|
dFn(y) = inf
T∈TG
1
|T |
E(dT |I)(y) = ν(D)
for ν-a.e. y ∈ Y , no matter ν(D) = −∞ or > −∞. This finishes the proof. 
The following results, [6, Lemma 9.3] and [19, Lemma 2.2.16] are used in the
proof of Theorem 4.2.
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Lemma 4.5. Let T,E ∈ FG. Then
∑
t∈T
1tE =
∑
g∈E
1Tg.
Lemma 4.6. Let D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) be a strongly sub-additive
family. Assume that 1E =
n∑
i=1
ai1Ei , where E,E1, · · · , En ∈ FG and a1, · · · , an >
0, n ∈ N. Then dE(y) ≤
n∑
i=1
aidEi(y) for ν-a.e. y ∈ Y .
Now we prove Theorem 4.2.
Proof of Theorem 4.2. The proof is similar to that of Theorem 4.1.
Firstly, we may assume that the family −D is non-negative and obtain
(4.9)
∫
Y
lim sup
n→∞
1
|Fn|
dFn(y)dν(y) ≥ ν(D).
Now let T ∈ FG be fixed. As {Fn : n ∈ N} is a Følner sequence of G, for each
n ∈ N we set En = Fn ∩
⋂
g∈T
g−1Fn ⊆ Fn, then lim
n→∞
|En|
|Fn|
= 1. Now for each n ∈ N,
by the construction of En, tEn ⊆ Fn for any t ∈ T , then obviously there exist
E′1, · · · , E
′
m ∈ FG,m ∈ {0} ∪ N and rational numbers a1, · · · , am > 0 such that
1Fn =
1
|T |
∑
t∈T
1tEn +
m∑
j=1
aj1E′
j
.
Using Lemma 4.5, one has
∑
t∈T
1tEn =
∑
g∈En
1Tg, and so
(4.10) 1Fn =
1
|T |
∑
g∈En
1Tg +
m∑
j=1
aj1E′
j
,
which implies that, for ν-a.e. y ∈ Y ,
dFn(y) ≤
1
|T |
∑
g∈En
dTg(y) +
m∑
j=1
ajdE′
j
(y)
(using Lemma 4.6, as the family D is strongly sub-additive)
≤
1
|T |
∑
g∈En
dTg(y) (as the family −D is non-negative)
=
1
|T |
∑
g∈En
dT (gy) (as the family D is G-invariant).(4.11)
By Lemma 4.3, {En : n ∈ N} is also a tempered Følner sequence of G, and hence
by a similar argument to the proof of Theorem 4.1 we obtain the conclusion. 
5. The main technical results
In this section, we aim to strengthen the results of the previous section for
suitably well-behaved infinite countable discrete amenable groups.
First, we need to recall the well-known notion of a self-similar tiling.
Let T ∈ TG. We say that T tiles G self-similarly if by a suitable selection, GT
is a subgroup of G isomorphic to G via a group isomorphism πT : G→ GT .
Then we have the following useful observation.
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Proposition 5.1. Let {Fn : n ∈ N} be a (tiling) Følner sequence of G and suppose
that T1, T2 ∈ TG tile G self-similarly. If there exists T ∈ TGT1 such that {Tg :
g ∈ GT2} forms a partition of GT1 then {TπT2(Fn) : n ∈ N} is a (tiling) Følner
sequence of GT1 .
Proof. The tiling property is easy to check once Fn, n ∈ N has the tiling property.
Now we prove the asymptotic invariance property. Let g ∈ GT1 . As T ∈ TGT1
such that {Tg : g ∈ GT2} forms a partition of GT1 , then for each t ∈ T there
exist gt ∈ GT2 and tg ∈ T such that gt = tggt, moreover, if t1 and t2 are different
elements from T then (t1)g 6= (t2)g, otherwise gt1 6= gt2 and
∅ 6= gTg−1t1 ∩ gTg
−1
t2
= g(Tg−1t1 ∩ Tg
−1
t2
) and so Tg−1t1 ∩ Tg
−1
t2
6= ∅,
a contradiction to the assumption that {Tg : g ∈ GT2} forms a partition of GT1
and the selection of gt1 , gt2 ∈ GT2 . That is, there exists a bijection f : T → T such
that gt = f(t)gt for some gt ∈ GT2 .
Thus for each n ∈ N one has
TπT2(Fn)∆gTπT2(Fn) =
⋃
t∈T
tπT2(Fn)∆
⋃
t∈T
tgf−1(t)πT2(Fn)
⊆
⋃
t∈T
t(πT2 (Fn)∆gf−1(t)πT2(Fn)).
Observe that {Fn : n ∈ N} is a Følner sequence of G, and so {πT2(Fn) : n ∈ N} is
a Følner sequence of GT2 . Thus
lim
n→∞
|TπT2(Fn)∆gTπT2(Fn)|
|TπT2(Fn)|
≤ lim
n→∞
1
|T |
∑
t∈T
|πT2(Fn)∆gf−1(t)πT2(Fn)|
|πT2(Fn)|
= 0.
That is, {TπT2(Fn) : n ∈ N} is also a Følner sequence of GT1 . 
As a direct corollary, we have:
Corollary 5.2. Let {Fn : n ∈ N} be a (tiling) Følner sequence of G and T ∈ TG
tile G self-similarly. Then {TπT (Fn) : n ∈ N} is a (tiling) Følner sequence of G.
Our main result, Theorem 5.3, is stated below. It generalizes Kingman’s sub-
additive ergodic theorem to suitably well-behaved infinite countable discrete amenable
groups. Almost all known proofs of Kingman’s sub-additive ergodic theorem rely
heavily on algebraic structure of Z (or more precisely, the algebraic structure of
the semigroup N), see for example [15, 28], it seems natural to require some strong
algebraic structure over the amenable groups considered in the theorem. Whilst
the assumptions of the Theorem 5.3 may seem a little complicated, the best model
to understand the assumptions is Zd, d ∈ N (see §6 for more such models).
Theorem 5.3. Assume that D = {dF : F ∈ FG} ⊆ L1(Y,D, ν) is a sub-additive
G-invariant family satisfying ν(D) > −∞ and {Fn : n ∈ N} is a Følner sequence
of G consisting of self-similar tiling subsets. If, additionally,
(a) {Fn : n ∈ N} satisfies the Tempelman condition with constant M > 0 and
(b) there exists an infinite subset N ⊆ N such that, for each m ∈ N , once
p ∈ N is large enough then there exist n1, n2 ∈ N such that FmπFm(Fn1) ⊇
Fp ⊇ FmπFm(Fn2) and
|Fn1 |−|Fn2 |
|Fp|
is small enough.
Then
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(1) There exists d ∈ L1(Y,D, ν) such that
lim
n→∞
1
|Fn|
dFn(y) = d(y)
for ν-a.e. y ∈ Y and
∫
Y
d(y)dν(y) = ν(D).
(2) If the limit function d is G-invariant, then, for ν-a.e. y ∈ Y ,
d(y) = inf
T∈TG
1
|T |
E(dT |I)(y).
(3) If, in addition, one of the following conditions holds:
(i) The family D is G-bi-invariant.
(ii) The family D is strongly sub-additive.
(iii) There exist p,m ∈ N large enough (in the sense that once N ∈ N there
exist such p,m ∈ N satisfying p,m ≥ N) such that GFmGFp = G.
Then the limit function d is G-invariant.
(4) If, in addition, there exist sequences {r1 < r2 < · · · } ⊆ N and {tn : n ∈ N}
such that Frn+1 = FrnπFrn (Ftn) for each n ∈ N, then, in the sense of L
1,
lim
n→∞
1
|Fn|
dFn(y) = d(y).
Proof. We will follow the ideas of the proof of [15, Chapter 1, Theorem 5.3].
As the Følner sequence {Fn : n ∈ N} satisfies the Tempelman condition, using
Theorem 2.1 it is equivalent to consider the family D′ = {d′F : F ∈ FG} given by
d′F (y) =
∑
g∈F
d{eG}(gy)− dF (y) for each F ∈ FG.
Then the family D′ is non-negative, sup-additive and G-invariant and ν(D′) <∞.
For convenience, we may assume that the family D′ satisfies the assumptions of
non-negativity, sup-additivity and G-invariance for each point y ∈ Y without any
ambiguity (for example, dFg(y) = dF (gy) for each F ∈ FG and any y ∈ Y ).
Set E = {y ∈ Y : d
′
(y) > d′(y)}, where
d
′
(y) = lim sup
n→∞
1
|Fn|
d′Fn(y) and d
′(y) = lim inf
n→∞
1
|Fn|
d′Fn(y) ≥ 0.
Observe that by Fatou’s Lemma one has
(5.1)
∫
Y
d′(y)dν(y) ≤ lim inf
n→∞
1
|Fn|
∫
Y
d′Fn(y)dν(y) = ν(D
′),
and so d′(y) ∈ L1(Y,D, ν), as ν(D) is finite, equivalently, ν(D′) is finite.
Now for each m ∈ N we introduce
D′m = {d
′
m,piFm(F )
(y)
.
= d′FmpiFm (F )(y)−
∑
g∈F
d′Fm(πFm(g)y) : F ∈ FG}.
Then the family D′m is non-negative, sup-additive and GFm-invariant. Here, the
GFm-invariance of D
′
m means that, for all F ∈ FG, g ∈ GFm and y ∈ Y ,
d′m,piFm (F )g
(y) = d′m,piFm (F )(gy).
In the following, first we shall prove that
(5.2) lim sup
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)
(y) ≥ d
′
(y)
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and
(5.3) lim inf
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)
(y) ≤ d′(y).
In fact, suppose that {k1 < k2 < · · · }, {p1 < p2 < · · · } ⊆ N such that
d
′
(y) = lim
n→∞
1
|Fkn |
d′Fkn (y) and d
′(y) = lim
n→∞
1
|Fpn |
d′Fpn (y).
By assumption (b) for each n ∈ N large enough we can select ln, qn ∈ N such that
(5.4) FmπFm(Fln) ⊇ Fkn and lim
n→∞
|Fm||Fln |
|Fkn |
= 1
and
(5.5) FmπFm(Fqn) ⊆ Fpn and lim
n→∞
|Fm||Fqn |
|Fpn |
= 1.
As the family D′ is non-negative and sup-additive (and hence monotone), one has:
lim sup
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)
(y) ≥ lim sup
n→∞
1
|Fm||Fln |
d′FmpiFm (Fln )
(y)
≥ lim sup
n→∞
1
|Fkn |
d′Fkn (y) (using (5.4))
and
lim inf
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)
(y) ≤ lim inf
n→∞
1
|Fm||Fqn |
d′FmpiFm (Fqn )
(y)
≤ lim inf
n→∞
1
|Fpn |
d′Fpn (y) (using (5.5)),
which implies the inequalities (5.2) and (5.3).
Observe again that the family D′ is non-negative and sup-additive. Hence from
(5.2) and (5.3) we have, for ν-a.e. y ∈ Y ,
d
′
(y)− d′(y)
≤ lim sup
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)
(y)− lim inf
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)
(y)
≤ lim sup
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)
(y)− lim inf
n→∞
1
|Fm||Fn|
∑
g∈Fn
d′Fm(πFm(g)y)
= lim sup
n→∞
1
|Fm||Fn|
d′FmpiFm (Fn)(y)− limn→∞
1
|Fm||Fn|
∑
g∈Fn
d′Fm(πFm(g)y)(5.6)
(by assumption (a), applying Theorem 2.1 to d′Fm)
= lim sup
n→∞
1
|Fm||Fn|
[d′FmpiFm (Fn)(y)−
∑
g∈Fn
d′Fm(πFm(g)y)]
≤ sup
n∈N
1
|Fm||Fn|
d′m,piFm (Fn)(y).(5.7)
Moreover, by Theorem 2.1 the pointwise limit of the sequence
1
|Fm||Fn|
∑
g∈Fn
d′Fm(πFm(g)y)
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exists (denote it by d′m), isGFm -invariant and is dominated by
1
|Fm||Fn|
d′
FmpiFm (Fn)
(y).
Combining (5.2) and (5.6) with (5.7) we also obtain, for ν-a.e. y ∈ Y ,
(5.8) 0 ≤ d
′
(y)− d′m(y) ≤ sup
n∈N
1
|Fm||Fn|
d′m,piFm (Fn)
(y).
Applying Corollary 3.7 to D′m we obtain, for each α > 0,
(5.9) ν({y ∈ Y : sup
n∈N
1
|Fm||Fn|
d′m,piFm (Fn)
(y) > α}) ≤
M
α
·
ν(D′m)
|Fm|
.
Step One: proof of (1)
In the following, first we will prove ν(E) = 0. RecallE = {y ∈ Y : d
′
(y) > d′(y)}.
Let ǫ > 0. Obviously, once m ∈ N is sufficiently large then
(5.10)
1
|Fm|
∫
Y
d′Fm(y)dν(y) > ν(D
′)− ǫ.
As {Fn : n ∈ N} is a Følner sequence of G consisting of self-similar tiling subsets,
by Corollary 5.2 the sequence {FmπFm(Fn) : n ∈ N} is a tiling Følner sequence of
G, and so by Proposition 3.2 one has
ν(D′m) = lim
n→∞
1
|Fn|
∫
Y
[d′FmpiFm (Fn)(y)−
∑
g∈Fn
d′Fm(πFm(g)y)]dν(y)
= lim
n→∞
1
|Fn|
∫
Y
d′FmpiFm (Fn)
(y)dν(y)−
∫
Y
d′Fm(y)dν(y)
= |Fm|ν(D
′)−
∫
Y
d′Fm(y)dν(y) ≤ |Fm|ǫ (using (5.10)).(5.11)
In particular, combining this with (5.7) and (5.9) we obtain
ν({y ∈ Y : d
′
(y)− d′(y) > α})
≤ ν({y ∈ Y : sup
n∈N
1
|Fm||Fn|
d′m,piFm (Fn)(y) > α}) ≤
Mǫ
α
.(5.12)
First letting ǫ→ 0 and then letting α→ 0 we obtain ν(E) = 0 and so d
′
(y) = d′(y)
(denoted by d′(y)) for ν-a.e. y ∈ Y .
For each m ∈ N observe that by (5.8) we have∫
Y
d
′
(y)dν(y) ≥
∫
Y
d′m(y)dν(y)
=
1
|Fm|
∫
Y
d′Fm(y)dν(y) (using Theorem 2.1).(5.13)
Letting m→∞ we obtain
∫
Y
d′(y)dν(y) ≥ ν(D′) and hence
∫
Y
d′(y)dν(y) = ν(D′)
(using (5.1)), equivalently,
∫
Y
d(y)dν(y) = ν(D), here, d is the pointwise limit
function of the sequence 1|Fn|dFn(y).
Step Two: proof of (2)
Applying the ergodic decomposition, without loss of generality, we may assume
that the MDS (Y,D, ν, G) is ergodic. If the limit function d is G-invariant, by
(1) one has that d(y) = ν(D) for ν-a.e. y ∈ Y . For each T ∈ TG, observe that
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the measurable function E(dT |I) is invariant over (Y,D, ν), and so E(dT |I)(y) =∫
Y
dT dν for ν-a.e. y ∈ Y . Thus, for ν-a.e. y ∈ Y ,
inf
T∈TG
1
|T |
E(dT |I)(y) = inf
T∈TG
1
|T |
∫
Y
dT dν = ν(D) = d(y) (using Proposition 3.2).
Step Three: proof of (3)
Now we prove the G-invariance of the limit function d′ under the assumptions.
If the family D is either G-bi-invariant or strongly sub-additive, this follows
directly from Theorem 4.1 and Theorem 4.2, respectively. Now we assume that
(iii) holds.
Let g ∈ G. We aim to prove ν(Eg) = 0, where Eg = {y ∈ Y : d′(y) 6= d′(gy)}.
Let ǫ > 0. By (iii), there exist p,m ∈ N sufficiently large such thatGFmGFp = G.
Thus
(5.14)
1
|Fm|
∫
Y
d′Fm(y)dν(y) > ν(D
′)− ǫ,
(5.15)
1
|Fp|
∫
Y
d′Fp(y)dν(y) > ν(D
′)− ǫ
and there exist gm ∈ GFm and gp ∈ GFp such that g = gmgp. Observe that
d′m(y) = d
′
m(gmy) and d
′
p(y) = d
′
p(gpy) for ν-a.e. y ∈ Y , thus
ν({y ∈ Y : |d′(y)− d′(gy)| > 4α})
= ν({y ∈ Y : |d′(y)− d′(gmgpy)| > 4α})
≤ ν({y ∈ Y : |d′(y)− d′p(y)| > α}) + ν({y ∈ Y : |d
′
p(gpy)− d
′(gpy)| > α}) +
ν({y ∈ Y : |d′(gpy)− d
′
m(gpy)| > α}) +
ν({y ∈ Y : |d′m(gmgpy)− d
′(gmgpy)| > α})
≤
4Mǫ
α
(similar to reasoning of (5.12), using (5.8), (5.14) and (5.15))
for any α > 0. First letting ǫ→ 0 and then letting α→ 0 we obtain d′(y) = d′(gy)
for ν-a.e. y ∈ Y . In other words, ν(Eg) = 0.
Step Four: proof of (4)
First, we claim that, by assumption, the sequence of the functions {d′rn : n ∈ N}
increases to some d′∞ ∈ L
1(Y,D, ν).
Let n ∈ N be fixed. As Frn+1 = FrnπFrn (Ftn), in particular, {πFrn (Ftn)g : g ∈
GFrn+1} forms a partition of GFrn and |Frn+1 | = |Frn | · |πFrn (Ftn)| and so (recall
that the family D′ is sup-additive)
1
|Frn+1 ||Fm|
∑
g∈Fm
d′Frn+1
(πFrn+1 (g)y)
≥
1
|Frn | · |πFrn (Ftn)| · |Fm|
∑
g∈piFrn (Ftn )piFrn+1 (Fm)
d′Frn (gy)
=
1
|Frn | · |πFrn (Ftn)πFrn+1 (Fm)|
∑
g∈piFrn (Ftn )piFrn+1 (Fm)
d′Frn (gy)(5.16)
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for each m ∈ N. Observe that by assumptions, {πFrn (Ftn)πFrn+1 (Fm) : m ∈ N}
is a Følner sequence of GFrn (using Proposition 5.1), and so by Theorem 2.1 one
has that (to obtain (5.18), we may take a sub-sequence of m ∈ N if necessary, note
that, as remarked by [17, Proposition 1.4] every Følner sequence of G contains a
tempered sub-sequence) both
(5.17) lim
m→∞
1
|Frn+1 ||Fm|
∑
g∈Fm
d′Frn+1
(πFrn+1 (g)y) = d
′
rn+1
(y)
and
(5.18)
lim
m→∞
1
|Frn | · |πFrn (Ftn)πFrn+1 (Fm)|
∑
g∈piFrn (Ftn )piFrn+1 (Fm)
d′Frn (gy) = d
′
rn
(y)
for ν-a.e. y ∈ Y and in the sense of L1. Combining (5.16) with (5.17) and (5.18)
we obtain that the sequence of the functions {d′rn : n ∈ N} increases. Let d
′
∞ be
the limit function (which is non-negative). Observe that, by Theorem 2.1,∫
Y
d′m(y)dν(y) =
1
|Fm|
∫
Y
d′Fm(y)dν(y) ≤ ν(D
′)
for each m ∈ N . As ν(D) > −∞, equivalently, ν(D′) <∞, we obtain∫
Y
d′∞(y)dν(y) ≤ ν(D
′) <∞ and hence
∫
Y
d′∞(y)dν(y) = ν(D
′),
in particular, d′∞ ∈ L
1(Y,D, ν). Since
∫
Y
d′(y)dν(y) = ν(D′) and d′(y)−d′m(y) ≥ 0
for ν-a.e. y ∈ Y and each m ∈ N , one has that d′(y) = d′∞(y) for ν-a.e. y ∈ Y .
To complete the proof, we only need to prove that
lim
n→∞
1
|Fn|
d′Fn(y) = d
′
∞(y)
in the sense of L1.
Let ǫ > 0. Obviously there exists n ∈ N such that
(5.19)
∫
Y
|d′∞(y)− d
′
rn
(y)|dν(y) < ǫ
and
(5.20) |
∫
Y
d′rn(y)dν(y)− ν(D
′)| = |
1
|Frn |
∫
Y
d′Frn (y)dν(y) − ν(D
′)| < ǫ.
By our assumptions, once m ∈ N is large enough, there exists sm ∈ N such that
Fm ⊇ FrnπFrn (Fsm),
(5.21)
|Fm \ FrnπFrn (Fsm)|
|Fm|
< ǫ
and
(5.22)
∫
Y
|
1
|Frn | · |Fsm |
∑
g∈Fsm
d′Frn (πFrn (g)y)− d
′
rn
(y)|dν(y) < ǫ (using (5.17)).
Thus, once m ∈ N is large enough we have
(5.23) 0 ≤ d′Fm(y)−
∑
g∈Fsm
d′Frn (πFrn (g)y)
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and ∫
Y
[d′Fm(y)−
∑
g∈Fsm
d′Frn (πFrn (g)y)]dν(y)
≤ |Fm|ν(D
′)− |Fsm |
∫
Y
d′Frn (y)dν(y)
≤ |Fm|ν(D
′)− |Fsm | · |Frn |(ν(D
′)− ǫ) (using (5.20))
= |Fm \ FrnπFrn (Fsm )|ν(D
′) + |Fsm | · |Frn |ǫ,(5.24)
and so ∫
Y
|
1
|Fm|
d′Fm(y)− d
′
∞(y)|dν(y)
≤
1
|Fm|
∫
Y
[d′Fm(y)−
∑
g∈Fsm
d′Frn (πFrn (g)y)]dν(y) +
|
1
|Fm|
−
1
|Frn | · |Fsm |
|
∫
Y
∑
g∈Fsm
d′Frn (πFrn (g)y)dν(y)
∫
Y
|
1
|Frn | · |Fsm |
∑
g∈Fsm
d′Frn (πFrn (g)y)− d
′
rn
(y)|dν(y) +
∫
Y
|d′∞(y)− d
′
rn
(y)|dν(y)
≤ ǫ(2ν(D′) + 3) (using (5.19), (5.21), (5.22) and (5.24)).(5.25)
Letting ǫ→ 0 we obtain the conclusion. This completes the proof. 
In fact, even if ν(D) = −∞ we have a similar result.
Theorem 5.4. Assume that D = {dF : F ∈ FG} ⊆ L
1(Y,D, ν) is a sub-additive
G-invariant family satisfying ν(D) = −∞ and {Fn : n ∈ N} is a Følner sequence
of G consisting of self-similar tiling subsets satisfying the assumptions of (a) and
(b) in Theorem 5.3. Then
(1) There exists a measurable function d over (Y,D, ν) such that
lim
n→∞
1
|Fn|
dFn(y) = d(y)
for ν-a.e. y ∈ Y and
∫
Y
d(y)dν(y) = −∞.
(2) If the limit function d is G-invariant, then, for ν-a.e. y ∈ Y ,
d(y) = inf
T∈TG
1
|T |
E(dT |I)(y).
(3) If, additionally, one of the following conditions holds:
(i) The family D is G-bi-invariant.
(ii) The family D is strongly sub-additive.
(iii) There exist p,m ∈ N large enough such that GFmGFp = G.
Then the limit function d is G-invariant.
Proof. With the help of Theorem 5.3, the proof of the conclusion is straightforward.
As in the proof of Theorem 5.3, we may assume that the family −D is non-
negative. For each N ∈ N, we consider the family
D(N) = {d
(N)
E (y)
.
= max{−N |E|, dE(y)} : E ∈ FG} ⊆ L
1(Y,D, ν).
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It is easy to check thatD(N) is a sub-additiveG-invariant family satisfying ν(D(N)) ≥
−N . Thus we can apply Theorem 5.3 to the family D(N) to see that there exists
d(N) ∈ L1(Y,D, ν) such that
lim
n→∞
1
|Fn|
d
(N)
Fn
(y) = d(N)(y)
for ν-a.e. y ∈ Y and
∫
Y
d(N)(y)dν(y) = ν(D(N)). Clearly, the sequence of functions
{d(N)(y) : N ∈ N} decreases and set d to be the limit function of it. So, d is a
measurable function over (Y,D, ν). Moreover,∫
Y
d(y)dν(y) = inf
N∈N
∫
Y
d(N)(y)dν(y) = inf
N∈N
inf
n∈N
1
|Fn|
∫
Y
d
(N)
Fn
(y)dν(y)
= inf
n∈N
inf
N∈N
1
|Fn|
∫
Y
d
(N)
Fn
(y)dν(y)
= inf
n∈N
1
|Fn|
∫
Y
dFn(y)dν(y) = ν(D).
Once the measurable function d is G-invariant, as in the proof of Theorem 5.3,
it is not hard to obtain that, for ν-a.e. y ∈ Y ,
d(y) = inf
T∈TG
1
|T |
E(dT |I)(y).
We aim that, for ν-a.e. y ∈ Y ,
(5.26) lim
n→∞
1
|Fn|
dFn(y) = d(y) (= inf
N∈N
lim
n→∞
1
|Fn|
d
(N)
Fn
(y)).
As for ν-a.e. y ∈ Y the limit lim
n→∞
1
|Fn|
d
(N)
Fn
(y) exists for each N ∈ N. Fix such a
point. Thus if d(y) > −∞, say d(y) > −M for someM ∈ N then, once n ∈ N is large
enough, then for any N ≥M , d
(N)
Fn
(y) > −|Fn|M (in particular, dFn(y) = d
(N)
Fn
(y))
and so the limit of the sequence 1|Fn|dFn(y) exists and equals limn→∞
1
|Fn|
d
(N)
Fn
(y) (and
hence equals d(y)). If d(y) = −∞, observe that it is almost direct to check that
lim sup
n→∞
1
|Fn|
dFn(y) ≤ d(y). Summing up, we obtain (5.26).
Finally, we are to prove the G-invariance of the limit function d under the as-
sumptions. If the family D is either G-bi-invariant or strongly sub-additive, it
follows directly from Theorem 4.1 and Theorem 4.2, respectively. Now we assume
that (iii) holds. Then d(N) is G-invariant for each N ∈ N, which implies immedi-
ately the G-invariance of d. This ends the proof. 
Remark 5.5. The only place in the proofs of Theorem 5.3 and Theorem 5.4 where
we used the assumption that {Fn : n ∈ N} satisfies the Tempelman condition, is in
applying Corollary 3.7. Thus we can weaken the assumption to {Fn : n ∈ N} being
tempered if Corollary 3.7 holds for a tempered Følner sequence of some particular
group. Moreover, we can drop the assumption that {Fn : n ∈ N} is tempered if
Theorem 2.1 and Corollary 3.7 both hold for any Følner sequence of a given group.
Note thatD(N) (in the proof of Theorem 5.4) need not to be strongly sub-additive
even if D is strongly sub-additive.
Except for assumptions (i) and (ii), all other assumptions in Theorems depend
only on the group G and the Følner sequence {Fn : n ∈ N} of G (independent of
the family D).
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Note that if G is abelian, (i) holds for every G-invariant family.
We end this section with some remarks.
Remark 5.6. Let N ∈ N. Assume that, for each m = 1, · · · , N , Gm is an infinite
countable discrete amenable group with {F
(m)
n : n ∈ N} a Følner sequence satisfy-
ing the assumptions appearing in Theorems (with Mm as its Tempelman condition
constant). Then it is not hard to check that,
N⊗
m=1
Gm (an infinite countable discrete
amenable group) and {F(n1,··· ,nN ) : (n1, · · · , nN ) ∈
N⊗
1
N} (naturally generating
many Følner sequences of
N⊗
m=1
Gm) also satisfy these assumptions, where, the sub-
set F(n1,··· ,nN ) is given by
N⊗
m=1
F
(m)
nm for each (n1, · · · , nN ) ∈
N⊗
1
N.
Observe that a sequence in
N⊗
1
N, (n1, · · · , nN ) tends to ∞ if and only if each
ni increases to ∞: if some ni, say n1, is bounded, the problem is reduced to the
case N − 1. Moreover,
N∏
m=1
Mm will be the Tempelman condition constant of such
a Følner sequence from {F(n1,··· ,nN ) : (n1, · · · , nN ) ∈
N⊗
1
N}.
Remark 5.7. For the case of N =∞ in Remark 5.6, if in addition,
(5.27) M
.
=
∏
m∈N
Mm <∞,
then we can carry out a similar discussion with respect to
⊕
m∈N
Gm (also an infinite
countable discrete amenable group) and {Fn : n ∈
⊕
N
N} (naturally generating many
Følner sequences for
⊕
m∈N
Gm), where
⊕
m∈N
Gm =
⋃
N ′∈N
{(g, eGN′+1 , eGN′+2 , · · · ) : g ∈
N ′⊗
m=1
Gm},
⊕
N
N = {(n1, · · · , nm) ∈ N
m : m ∈ N},
and then for each n ∈
⊕
N
N, say n = (n1, · · · , nm) for some m ∈ N,
Fn = {(g, eGm+1, eGm+2 , · · · ) : g ∈
m⊗
i=1
F (i)ni }.
Observe that a sequence in
⊕
N
N, (n1, · · · , nm) tends to ∞ if and only if both m
and each ni tend montonically to∞: m is bounded, we reduce to the case of Remark
5.6). Moreover, M will be the Tempelman constant for this Følner sequence.
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6. Direct applications of the main technical results
In this section, we give some direct applications of the results of the previous
sections. Although we only consider some special groups in this section, we believe
that these results (and the ideas in proving them) will have wider applications.
6.1. The case of G = Zm,m ∈ N.
As shown by Remark 5.6, the case of Zm,m ∈ N is reduced to the case of Z.
If G = Z which is abelian, consider Fn = {0, · · · , n − 1} with GFn = nZ for each
n ∈ N, then 2 is its associated Tempelman condition constant and FmπFm(Fn) =
{0, 1, · · · ,mn− 1} = Fmn for m,n ∈ N.
Thus, applying Theorem 5.3 and Theorem 5.4 we obtain:
Theorem 6.1. Let G = Zm,m ∈ N, (Y,D, ν, G) be an MDS and {Fn : n ∈
m⊗
1
N}
the sequence introduced as in Remark 5.6. Assume that D = {dF : F ∈ FG} ⊆
L1(Y,D, ν) is a sub-additive G-invariant family. Then, for ν-a.e. y ∈ Y ,
(6.1) lim
n∈
m⊗
1
N→∞
1
|Fn|
dFn(y) = inf
T∈TG
1
|T |
E(dT |I)(y),
which is an invariant measurable function over (Y,D, ν), and∫
Y
inf
T∈TG
1
|T |
E(dT |I)(y)dν(y) = ν(D).
Moreover, if ν(D) > −∞ then (6.1) also holds in the sense of L1.
6.2. The case of G =
⊕
N
Kn with each Kn a non-trivial finite group.
First, we consider the case where each Kn, n ∈ N is equal to a fixed non-
trivial finite abelian group K (a special case is
⊕
N
Zp, p ∈ N \ {1}, where Zp
is the additive group {0, 1, · · · , p − 1}). Obviously, G is abelian. We consider
Fn = {(g, eK , eK , · · · ) : g ∈
n⊗
1
K} with GFn = {(g1, · · · , gn, g) : g1 = · · · = gn =
eK , g ∈
⊗
N
K} for each n ∈ N. Then 1 is its associated Tempelman condition
constant and FmπFm(Fn) = Fm+n for m,n ∈ N. A result similar to Theorem 6.1
holds.
For the case of G =
⊕
n∈N
Kn where each Kn, n ∈ N is a non-trivial finite abelian
group: here Kn need not be a fixed group. At first sight, it appears that we cannot
apply our technical results directly. However, G is still an abelian group, and if we
consider Fn = {(g, eKn+1, eKn+2, · · · ) : g ∈
n⊗
i=1
Ki} with GFn = {(eK1 , · · · , eKn , g) :
g ∈
⊗
i>n
Ki} for each n ∈ N, then 1 is also its associated Tempelman condition
constant. Though in general GFn is not isomorphic to G via a group isomorphism,
a rewriting of the argument of the previous section leads to the same conclusion as
for the case of
⊕
N
K with K a non-trivial finite abelian group.
Moreover, if we drop the assumption that each Kn, n ∈ N is abelian, we can still
obtain the result if the family is strongly sub-additive.
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6.3. The case of G =
⊕
N
Z.
For the abelian group
⊕
N
Z, we consider the sequence {Fn : n ∈
⊕
N
N}, where,
for n ∈
⊕
N
N, say n = (n1, · · · , nm) for some m ∈ N, the subset Fn is given as
{(g1, · · · , gm, 0, 0, · · · ) : gi ∈ {0, 1, · · · , ni − 1}, i = 1, · · · ,m}.
As in Remark 5.7, for
⊕
N
N, (n1, · · · , nm) tends to ∞ just means that both m and
all ni increasingly tend to ∞. For each n ∈
⊕
N
N, say n = (n1, · · · , nm) for some
m ∈ N, obviously Fn tiles
⊕
N
Z self-similarly with
GFn =
m⊕
i=1
niZ
⊕⊕
N
Z,
and so for n′ ∈
⊕
N
N, say n′ = (n′1, · · · , n
′
m′) for some m
′ ∈ N, if m′ ≥ m then
FnπFn(Fn′) = Fn∗ , FnFn′ = Fn∗∗ , Fn ∪ Fn′ = Fn∗∗∗
with
n∗ = (n1n
′
1, · · · , nmn
′
m, n
′
m+1, · · · , n
′
m′),
n∗∗ = (n1 + n
′
1 − 1, · · · , nm + n
′
m − 1, n
′
m+1, · · · , n
′
m′),
n∗∗∗ = (max{n1, n
′
1}, · · · ,max{nm, n
′
m}, n
′
m+1, · · · , n
′
m′).
We have similar formulas in the case of m′ < m.
It is easy to see that even in general a Følner sequence from {Fn : n ∈
⊕
N
N} is
not tempered, and so we cannot apply directly any of the results of the previous
sections to {Fn : n ∈
⊕
N
N}.
Before proceeding, let us first recall some well-known results.
The first one can be found in any standard book about ergodic theory.
Theorem 6.2. Let ϑ be an invertible measure-preserving transformation over a
Lebesgue space (Y,D, ν) and f ∈ Lp(Y,D, ν), where 1 ≤ p <∞. Then
lim
n→∞
1
n
n−1∑
i=0
f(ϑiy) = E(f |I)(y)
for ν-a.e. y ∈ Y and in the sense of Lp.
The second one is also standard: it is a variation of [15, Chapter 1, Theorem
5.2] (in fact, it is another version of the maximal ergodic inequality).
Proposition 6.3. Let ϑ be an invertible measure-preserving transformation over
a Lebesgue space (Y,D, ν) and D = {dF : F ∈ FZ} ⊆ L1(Y,D, ν) a non-negative
sup-additive ϑ-invariant family. Then, for each α > 0,
ν({y ∈ Y : sup
n∈N
1
n
d{0,1,··· ,n−1}(y) > α}) ≤
1
α
ν(D).
Now using Theorem 6.2 and Proposition 6.3, and applying the results of the
previous sections (especially, Remark 5.5) we obtain a result similar to Theorem
6.1 (as
⊕
N
Z is an abelian group).
24 A. H. Dooley, V. Ya. Golodets and G. H. Zhang
Acknowledgements
The authors thank the referee for many important comments that have resulted
in substantial improvements to this paper, in particular for informing us the paper
of Pogorzelski [25].
This work was largely carried out in the School of Mathematics and Statistics,
University of New South Wales (Australia). We gratefully acknowledge the hos-
pitality of UNSW. We also acknowledge the support of the Australian Research
Council.
The third author was also supported by FANEDD (No. 201018), NSFC (No.
10801035 and No. 11271078) and a grant from Chinese Ministry of Education (No.
200802461004).
References
1. Claire Anantharaman, Jean-Philippe Anker, Martine Babillot, Aline Bonami, Bruno De-
mange, Sandrine Grellier, Franc¸ois Havard, Philippe Jaming, Emmanuel Lesigne, Patrick Ma-
heux, Jean-Pierre Otal, Barbara Schapira, and Jean-Pierre Schreiber, The´ore`mes ergodiques
pour les actions de groupes, Monographies de L’Enseignement Mathe´matique [Monographs of
L’Enseignement Mathe´matique], vol. 41, L’Enseignement Mathe´matique, Geneva, 2010, With
a foreword in English by Amos Nevo. MR 2643350 (2011h:47010)
2. Lewis Bowen and Amos Nevo, Pointwise ergodic theorems beyond amenable groups, Ergodic
Theory Dynam. Systems 33 (2013), no. 3, 777–820. MR 3062901
3. A. P. Calderon, A general ergodic theorem, Ann. of Math. (2) 58 (1953), 182–191. MR 0055415
(14,1071a)
4. Andre´s del Junco and Joseph Rosenblatt, Counterexamples in ergodic theory and number
theory, Math. Ann. 245 (1979), no. 3, 185–197. MR 553340 (81d:10042)
5. Yves Derriennic, Sur le the´ore`me ergodique sous-additif, C. R. Acad. Sci. Paris Se´r. A-B 281
(1975), no. 22, Aii, A985–A988. MR 0396903 (53 #763)
6. Anthony H. Dooley and Guohua Zhang, Local entropy theory of a random dynamical system,
Mem. Amer. Math. Soc. 233, no. 1099, to appear, http://dx.doi.org/10.1090/memo/1099.
7. William R. Emerson, Large symmetric sets in amenable groups and the individual ergodic
theorem, Amer. J. Math. 96 (1974), 242–247. MR 0354925 (50 #7402)
8. , The pointwise ergodic theorem for amenable groups, Amer. J. Math. 96 (1974), 472–
487. MR 0354926 (50 #7403)
9. Eli Glasner, Ergodic theory via joinings, Mathematical Surveys and Monographs, vol. 101,
American Mathematical Society, Providence, RI, 2003. MR 1958753 (2004c:37011)
10. Frederick P. Greenleaf and William R. Emerson, Group structure and the pointwise ergodic
theorem for connected amenable groups, Advances in Math. 14 (1974), 153–172. MR 0384997
(52 #5867)
11. Yitzhak Katznelson and Benjamin Weiss, A simple proof of some ergodic theorems, Israel J.
Math. 42 (1982), no. 4, 291–296. MR 682312 (84i:28020)
12. J. F. C. Kingman, The ergodic theory of subadditive stochastic processes, J. Roy. Statist. Soc.
Ser. B 30 (1968), 499–510. MR 0254907 (40 #8114)
13. , Subadditive ergodic theory, Ann. Probability 1 (1973), 883–909, With discussion by
D. L. Burkholder, Daryl Daley, H. Kesten, P. Ney, Frank Spitzer and J. M. Hammersley, and
a reply by the author. MR 0356192 (50 #8663)
14. , Subadditive processes, E´cole d’E´te´ de Probabilite´s de Saint-Flour, V–1975, Springer,
Berlin, 1976, pp. 167–223. Lecture Notes in Math., Vol. 539. MR 0438477 (55 #11388)
15. Ulrich Krengel, Ergodic theorems, de Gruyter Studies in Mathematics, vol. 6, Walter de
Gruyter & Co., Berlin, 1985, With a supplement by Antoine Brunel. MR 797411 (87i:28001)
16. Elon Lindenstrauss, Pointwise theorems for amenable groups, Electron. Res. Announc. Amer.
Math. Soc. 5 (1999), 82–90 (electronic). MR 1696824 (2000g:28042)
17. , Pointwise theorems for amenable groups, Invent. Math. 146 (2001), no. 2, 259–295.
MR 1865397 (2002h:37005)
sub-additive ergodic theorems for countable discrete amenable groups 25
18. Elon Lindenstrauss and Benjamin Weiss, Mean topological dimension, Israel J. Math. 115
(2000), 1–24. MR 1749670 (2000m:37018)
19. Jean Moulin Ollagnier, Ergodic theory and statistical mechanics, Lecture Notes in Mathemat-
ics, vol. 1115, Springer-Verlag, Berlin, 1985. MR 781932 (86h:28013)
20. J. Neveu, Courte de´monstration du the´ore`me ergodique sur-additif, Ann. Inst. H. Poincare´
Sect. B (N.S.) 19 (1983), no. 1, 87–90. MR 699980 (85f:28023)
21. Amos Nevo, Pointwise ergodic theorems for actions of groups, Handbook of dynamical sys-
tems. Vol. 1B, Elsevier B. V., Amsterdam, 2006, pp. 871–982. MR 2186253 (2006k:37006)
22. Donald Ornstein and Benjamin Weiss, Subsequence ergodic theorems for amenable groups,
Israel J. Math. 79 (1992), no. 1, 113–127. MR 1195256 (94g:28024)
23. , Entropy and isomorphism theorems for actions of amenable groups, J. Analyse Math.
48 (1987), 1–141. MR 910005 (88j:28014)
24. V. I. Oseledec, A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dy-
namical systems, Trudy Moskov. Mat. Obsˇcˇ. 19 (1968), 179–210. MR 0240280 (39 #1629)
25. Felix Pogorzelski, Almost-additive ergodic theorems for amenable groups, J. Funct. Anal. 265
(2013), no. 8, 1615–1666. MR 3079231
26. A. Shulman, Maximal ergodic theorems on groups, Dep. Lit. NIINTI (1988), no. 2184.
27. Michael D. Smeltzer, Subadditive stochastic processes, Bull. Amer. Math. Soc. 83 (1977),
no. 5, 1054–1056. MR 0458585 (56 #16785)
28. J. Michael Steele, Kingman’s subadditive ergodic theorem, Ann. Inst. H. Poincare´ Probab.
Statist. 25 (1989), no. 1, 93–98. MR 995293 (90e:28025)
29. Arkady Tempelman, Ergodic theorems for general dynamical systems, Trudy Moskov. Mat.
Obsˇcˇ. 26 (1972), 95–132. MR 0374388 (51 #10588)
30. , Ergodic theorems for group actions, Mathematics and its Applications, vol. 78, Kluwer
Academic Publishers Group, Dordrecht, 1992, Informational and thermodynamical aspects,
Translated and revised from the 1986 Russian original. MR 1172319 (94f:22007)
31. Thomas Ward and Qing Zhang, The Abramov-Rokhlin entropy addition formula for amenable
group actions, Monatsh. Math. 114 (1992), no. 3-4, 317–329. MR 1203977 (93m:28023)
32. Benjamin Weiss, Monotileable amenable groups, Topology, ergodic theory, real algebraic ge-
ometry, Amer. Math. Soc. Transl. Ser. 2, vol. 202, Amer. Math. Soc., Providence, RI, 2001,
pp. 257–262. MR 1819193 (2001m:22014)
33. , Actions of amenable groups, Topics in dynamics and ergodic theory, London Math.
Soc. Lecture Note Ser., vol. 310, Cambridge Univ. Press, Cambridge, 2003, pp. 226–262.
MR 2052281 (2005d:37008)
Anthony H. Dooley
Department of Mathematical Sciences, University of Bath, Bath, BA2 7AY, United
Kingdom
E-mail address: a.h.dooley@bath.ac.uk
Valentin Ya. Golodets
School of Mathematics and Statistics, University of New South Wales, Sydney, NSW
2052, Australia
E-mail address: v.golodets@unsw.edu.au
Guohua Zhang
School of Mathematical Sciences and LMNS, Fudan University, Shanghai 200433, China
E-mail address: chiaths.zhang@gmail.com
